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On the Singularity at a Concentrated Load Applied to a Curved Surface’

By

E. Sternberg and R. A. Eubanks
Illinois Institute of Technology

Summary

This paper deals with the singularity at the point of application of
a concentrated load acting perpendicular to a curved boundary of an elastic
body. In a neighborhood of the point of application, the boundary is
assumed to be representable by a sufficiently smooth arbitrary surface of
revolution, the axis of which coincides with the load axis. In the event
the surface is locally analytic, it is shown that the singularity is
identical with that aprropriate to a concentrated load applied normal to
a plane boundary if and saly if the curvature of the meridian of the sur~
face vanishes at the load point. The required modified singularity for
the case of non-vanishing curvature is determined in closed form to the

extent where the residual surface tractions are finite and continuous.

Introduction

The singularities encountered in concentrated force prdblems of the
theory of elasticity rejuire special and separate treatment if one is to
arrive at practically useful representations of the solution to such prob-
lems. Indeed, in order to assure results which are amenable to a complete
numerical evaluation, it is essential to determine in closed form the
relevant singularities at least to the extent where the residual problem

is characterized by finite and continuous surface tractions. This process

'The results presented in this paper were obtained in the course of
an investigation conducted under Contract N7onr-32906 with the Office of
Naval Research, Department of the Navy, Washington, D. C,
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was carried out in a previous paper by F. Rosenthal and one of the present
authors [1]1 in connection with the problem of the sphere under concen-
trated loads. In this particular case it was found that the singularity
at a concentrated normal force is not identical with the well known
singularity corresponding to a concentrated load applied perpendicular to
a plane boundary, and that certain supplementary singulax:it.ies have to

be introduced to effect a reduction of the problem to one obeying the fore-
going regularity requirements.

The investipation just cited suggests more general questions: Under
what circumstances does Boussinesq's solution [2]2 for the semi~infinite
medium bounded by a plane and acted on by a concentrated surface load,
supply the complete singularity appropriate to a concentrated load applied
to a curved boundary? What are the supplementary singularities needed in
the event the Boussinesq singularity fails to yield a regular residual
problem? It is the purpose of the present paper to deal with these
questions on the assumption that the load is perpendicular to the boundary
| and that the boundary, in a neighborhood of the load point, is representable
by an arbitrary, sufficiently smooth, surface of revolution, the axis of
which coincides with the load axis.

The usual conditions imposed on the solution to a problem involving
concentrated surface forces, are as follows: (a) it must satisfy the field
equations of the theory of elasticity throughout the body under con-

aideration;3 (b) it must satisfy the boundary conditions for distributed

!;hmbers in brackets refer to the bibliography at the end of the paper.

%See also [3], p. 191.

3It is assumed here that concentrated forces at interior points, and
otherwise singular body force distributions, are absent.



t.x-act,iom;h (¢) it must possess a singularity at each point of application
of a concentrated load such that the resultant of the tractions on any
surface enclosing the load point, and lying wholly in the region occupied
by the medium, tends to the corresponding prescribed concentrated load in
the 1limit as the surface is contracted to the load point. As emphasized
in [1], these three conditions, although necessary, represent an incamplete
formulation of the problem and fail to characterize the solution uniquely.
A unique characterization is reached by considering the modified problem
in which each of the concentrated loads is replaced with an arbitrary
continuous distribution of surface tractions over finite surface elements
surrounding the load points. The solution to the concentrated force problem
is then uniquely defined as the limit of the solution to the modified prob-
lem as the surface elements are shrunk to the load points while the re-
sultants of the distributed tractions are made to approach the given con-
centrated forces.

This definition, which is analogous to Kelvin's definition through a
-1

limit process of a concentrated force at an interior point,” is natural
both on theoretical and on physical grounds; its usefulness ultimately
depends on, and is confirmed by, experimental evidence, such as that sup-
Plied by Frocht and Guernsey [L]. The solution to a concentrated force
problem which is in accord with the definition adopted here, automatically
satisfies the three necessary conditions listed earlier. On the other
hand, as demonstrated in [1], there exist pseudo-solutions which meet the

three conditions cited but fail to agree with the foregoing limit criterion.

,"If only concentrated loads are present, the solution must leave the
boundary free from surface tractions.

5809, for example, [3], art. 130, p. 183.



The validity of Boussinesq's solution for the half-space under a con-
centrated load is readily established by applying the preceding definition
of a concentrated surface force, say, to Cerruti's solut.ion6 for the semi-
infinite body bounded by a plane and subjected to distributed surface
tractions. The pseudo-solutions to concentrated force problems discussed
in [1] exhibit a common property: their singularities at the load points
are of a higher order than that of the Boussinesq singularity. On the other
hand, it is clear from similarity considerations that the singularity at
a concentrated load applied to a curved surface must remain dominated by
the Boussinesq singularity; it cannot be stronger. This observation leads
to an additional necessary requirement applicable to the solution of con-
centrated force problems: (d) the order of the singularity at each load

2 of the Boussinesq singularity.7

point must not exceed the order r
The treatment of the general problem to be considered presently will

be based on conditions (a), (b), (c), and (d). In the special instance

of the sphere under radial concentrated loads, the correctness of the 36-

lution so obtained was verified analytically through a limit process. The

question as to whether the fouwr necessary conditions stated always assure

a unique solution, which thus coincides with the limit solution defined

previously, is apparently not easy to dispose of with complete generality.

Until a general affirmative answer is established, solutions to concenmtrated

force problems conforming to the four conditions listed remain subject to

individual verification through appropriate limit processes.

680‘ [3], art. 16h’1660
7:' here is the distance fram the load point.



We now turn to the determination of a sequence of singular harmonic
functions which is needed in the subsequent analysis. It is hoped that

this part of the paper may prove useful beyond the present application.

A Sequence of Harmonic Functions
#-  If (x, y, 2) denote Cartesian coordinates, the spherical coordinates

(ry O, ¥) are defined through the mapping,

x=rsin@cos ), y=rsinQ@cos ), 2=r cos 9

(1)
0€r < o, 0<0 £, 0<y<anm.
With the notation,
p = cos O, p=sing, (2)
we have
2 2 %2 .
p=(x"+y) =rm, z=1p (3)

for the relations between the spherical coordinates and the cylindrical
coordinates (P’ Y» z). Laplace's equation VZH = 0, in the axisymmetric

case, for which H = H(r, p), becomes

-2
2 _ 8
H_+2y +B K -r%-np-o. (L)

rr
Equation (L4) admits the product solut:l.ons,9
H(":P) = [rn or r-n-l] [Pn(P) or %(P)] (n=0,1, 2, «c¢), (5)

where Pn and Qn are the Legendre polynomials and the Legendre functions
of the second kind, respectively.

8Subsm'ix:ﬁt.s attached to functions which originally bear no subscripts,
denote partial differentiation with respect to the argument indicated.

9?0:- a comprehensive treatment of spherical harmonics, see [5].



The interior spherical harmonics rnPn(p) are regular throughout the
finite space whereas the exterior harmonics r"n"l?n(p) vanish at infinity
and, with increasing n, possess progressively stronger singularities at
the origin. If we adopt the notation,

a_n(r:P) = r-nPn_l(p) (n=1, 2, ...), (6)
then
-1 3
1w % L m

so that the sequence of exterior harmonics H_n may be generated through
successive differentiations with respect to 2 of the first order exterior
harmonic H—l = r.l.
For future reference we recall that Pn(p) satisfies Legendre's
equation,
& ) +nn+ D P =0 (8)*°
and cite the recursion formulas,

-n-1- l:’n

(n+1) P 4 +0P _, > (9)

(2n + 1) an

-2 l-
p Pn-nPn_l-mPn.

Furthermore, we record the special values

P, (0) = (-1)" ;-5?%. Pons1(0) = o o
P,(0) =0, Ppno1(0) = (2n41) P, (0)
and
P()=1, P(1)= i"""—ll (11)
-

T _ dPp
The argument of Pn is henceforth assumed to be p and Pn E Tp-'



The Legendre functions of the second kind admit the representation,

QP) =3 B(p) In 12w (p) (r=0,1,2 ..) (12)
in which
2n -1 2n-5 2n-9 |
'n-1=T'n_Pn-1*mPn-3" T(no2) Tn-g * oo
n »(13)

1l
N E ; 2 fm-1Fn-n W,=0.
m= y

Since Qn(p) has a logarithmic singularity at p = % 1, the hammonics
rth(p) and r.n-lqn(p) in (5) are singular along the entire z-axis.
In the problem under consideration we shall have need for a sequence
of axisymmetric harmonic functions which is regular in the half-space
z 20 with the exception of the origin r = O, where it shall possess
singularities, progressively weaker than that of H_, = r1. Such a set
of potentials may be constructed through successive integrations with
respect to z of the first order exterior harmonic H—l' We thus seek

a sequence of functions Hn(r,p) which satisfies the following require-

ments:
Vzﬂn = 0, (1L)
3 9 - 21 1
a—"ﬂn= nﬂn_l (n= 1,2,000), E;Ho- H-l—;o (15)

Through a process of induction we are led to

H(rp) =1 T,(p)  (n=0,1, 2, ...)
(16)
T.(p) = P, (p) L - V (p),

L=1lnr (1 +p)®ln (r + 2), (17)

)]

n;he coefficient n in the first of (15) is introduced for later
convenience., Note that (15) is analogous to (7).



8= (-1)" P (;m+1) P

vx:'=(3"'n""’¢21'1) Fp-2 n-m)n+m+1) °
m= »(18)
Vo = 0,
provided, n

B

c = E (n=1, 2, ...). (19)
m=

In order to verify that the functions H , defined by (16) to (19)
have the properties (1L) and (15), we first observe that a lengthy compu-
tation, based on (18), (19), and (9), yields the recursion relatioms,

52v +mpV_ -nv. . =P A
n n n-1 n’
( v ] [} - Pl ] §
x’lnn-pvn"'vn-l)‘ n_ “n-1° (20)
(n: 1, 2’ ooo)’ J

which, in turn, imply the differential equation,

5’5 F2V) +nns )V = 2B - B 1)  (n=0,1,2,000).  (2)
From (16), (20), (21), (9), we have

2 )
P ‘.l'u + np‘l‘n - n'rn_l S - an,

] [} - ] ] | 12
n(nl'n - pT, + Tn_l) =2 _, - PPy (22)

(n = 1’ 2" ooo),

LGP snm e DT, == (e DRy (=0L2e)  (23)

With the aid of (16), (22), (23), and (L), Equations (1k), (15) now readily

follow. For future purposes we list the special values,

orT
12 1 _ "'n
Note that ‘1‘n = Tp .




E)

V,.(0) = o P, (0), v, ,(0) = [(Zn N 1”’2:;‘”:' "
. -1

Tpnl®) = Py (0= [P (0] 5 ¥3,3(0) = (2 + 1e,Pp(0),

which are obtained by induction with the aid of (18), (19), (22), (9), and
(10).
According to (12), (13), (18),

v (p) = (-1)° V (-p) = 20 _,(p) (25)
and (12), (16), (17), (25) yield
H (r;p) - ()" K (r,p) = 25" Q (p). (26)
This establishes the connection between the harmonic functions Hn, which
are no longer product solutions of Laplace's equation, and the spherical
harmonics of the second kind given in (5). Finally, we record explicitly
the first three members of the aggregate H“(r,p):

Hozlnr(1+p), B=r plnr(lop)-l],
-(27)

2
Hz=52-[(3pz-l) 1nr(l+p)-p2-3p+1].

Sequences of Singular Solutions

The sequence of harmonic functions established previously may be used
to generate certain sequences of singular solutions of the field equations
of elasticity theory. In the absence of body forces, and in case of
torsionless axisymmetry about the z-axis, the general solution of the dis-

placement equations of equilibrium may be written as ,13

20 [uP’ “ya n’] = grad (f + s¢/) - [0,0,11(1 - 1’)(”] (28)
and
v¥(p,s) = VW(p,s) = 0, (29)
Dsee [2], [6]-




whers [uP, “)" us] are the cylindrical components of displacement, whereas
G and » designate the shear modulus and Poisson's ratio, respectively.
We define two sequences of particular solutions s [An] and [Bn]

in terms of their generating stress functions as follows:

EAn] see ¢ = Hn(r,p), W =0 (n = 0,1,2,000)
(30)
EBJ X ¢ = 0, W = Hn(r,p) (n = 0,1,2,000)

in which H_ is defined by (16) to (19). The spherical components of dis-
placement W Y and the spherical stress components a‘r, Y o‘r 7:0’
belonging to (28), (29), were given explicitly in [7].15 Substitution of
(30) into (L) to (7) of Reference [7], and use of (22), (23), (8), (9),
yields the following representations of [A 7], [B] in spherical co-
ordinates.

0,1
200_=r""Yor_+P), 2mg=-Fr7 1 ]

o =r [n(n - 1)‘1'n +(2n - l)Pn]

-2T -
o = ~ - 112'1'n +pT - 2nPn]  (31)

B '
o‘yz r _nTn - p'l'n + Pn]

To=-P M2 [(n - 1)'1':1 + P;]

J

u"rhroughout this paper capital letters in brackets denote either the
displacement vector-field or the stress tensor-field of a solution of the
field equations, and equality, addition, as well as multiplication by a
scalar, are to be interpreted accordingly.

15u,, 7, s 7)o venish identically in view of the assumed rotational
symcbryy Y Y



[Bn]:
20u, = pr® [(n ~3+Lp)T 4+ Pn]
20ug = pr" [(3 -L?) T, - pT;]

o‘r = rn-l [n(n- 3+2 )’)p’l‘n + (2n-3+2 '))an- 2:)52'1';]

y r

7o = b 1 [(1- 29)(nT, + P )~ (n- 2+ 2#)p'r;-p1>;]

o =" 1ia-2 »)p(nT_+ Pn)-[lo (1-2 w)sz] 'r;]

% rn_l -n(n+2 v)p'rn- 2(n+ v)an+ [1- (3~ 2)’)52] Tx'x}

> (32)

J

Let 2Z(r) be the resultant force of the tractions to which a stress

field with rotational symmetry about the z-axis gives rise on a hemisphere

centered at r = O, lying wholly in the region 2z = 0, and having an

outer normal which is directed toward the origin. If 2(r) is positive

when its sense is that of the positive z-axis, it was shown in [8]16 that

1
Z(r) = 27r [%] 0+ 2(1-)’)rf %gdp ,
pP= o

(33)

where @(r,p) and @ (r,p) are the corresponding generating stress

functions. Applying (33) to (30), we find, with the aid of (9), (10),

(11), (16), (17), (23), and (2L), the values of 2Z(r) for [An] and

(.3
[Azn]: 2(r) =

27¢(-1)"|2n r>®
22 |n)2
21‘,(_1)11 22!1(&)2 r2n+1

L2n

[Zn lnr+l - 2ncn]

[A2n+1]z Z(r) = -

-

>(3L)

1650e Equations (31), (32) of Reference [8].



Lrr(1- »)(-1)" 2% ()2 P2+

B Z =
[plt 2 |2n + 1
") 47 (1-9)(<1)" 2n+ 1 +2@ [ . .
B A = 2nlnr+l=-2n

12

> (3L)
(Cont.)

J

It follows from (3L) that the aggregate of solutions defined by the

linear combination,

[E]=20- )4, ]+ (+2)[B]

(n = 0, 1, 2, ooo)

(35)

is self-equilibrated in the sense that 2(r) = 0 for [En]. For later

convenience, we record here the displacements and stresses of the first

two members of the sequence [En]’ which also appear in [1].

[:Eo:] :

20u = - (Q-2»)pL + (3=-2%)p - 200 - »)

ZGu°=§[(1 - 2Y)L-(3-27) l‘f_p]

o =-;[(1- 29)p + zv]

r
%= a7 [@ - 2% - %]
= et (1 - -
%= gy [ - 27 2]
7o = TS 5T (1-2V)p-l]
[z [

2E’(1+ p2)- Si L+ (3= ;’)pz- 2(1+Y)p+1-¥ }
);p (-3+2)p?- (1- 39)p- 2(2 - 2)’)]}

2u_=r
20uy = Sr{~2(1+v)pr.+
A —2(14 ) (F2L+p)+ (54 V)pP =14 »

% = 21+ Mo+ (Bl (542 - (3-p+ 6]

o = 21+l 3s [(-3+1’)p+1-1’]

o = 20+ i+ gy [~(54p2- (3 - 2p o 2]

» (36)

2\

 (37)
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Solutions [A ], [B.], [8, ] (=0, 1, 2, ...), with increasing n,
possess progressively weaker singularities along the portion z € 0 of
the z-axis, and are otherwise regular in the finite space; for n=0

these solutions vanish as & - 0 80 far as the stresses are concerned.

Construction of the Singularity due to a Concentrated Surface Force on a

Curved Surface

Boussinesq's solution [2]17 corresponding to a concentrated load of
magnitude |Q| applied at r =0 normal to the plane boundary of a medium

occupying the half-space z 2 O, appears as

[sJ=- 59,7 {(1 -22)[A ]+ L‘B_lj} ) (38)18

where [A ] 1s defined by (30) and

[B,)...#=0, ¢ =H,=r" ()
The displacements and stresses of [S ] follow.
[8,J:
W, = e :h(l- 9)p-1+2v]
o = pe [t - 3+ 17 - (10)
%= 2(2-v)p-1+2v] c’o-ﬁfl—;ﬁ’iz

" ”r 2rr°(1 + p)
o= ggl-zgggg +p-1) = 32 - 22)pp
Y- 297221 4 p) 0 27521 + p)

L

Evidently, 2(r) = Q for [80], as is readily verified by means of (38),(39),
(30), and (33).

13ee also [3], p. 151.

1811‘ Q> O the force has the sense of the positive s-axis.



We now turn to a concentrated load acting perpendicular to a curved
boundary (Figure 1). Let the point of application of the load of magnitude
|Q] be the origin and again let Q > O if the load acts in the positive
g-direction. Suppose that the boundary, in a neighborhood of the origin,
coincides with a surface of revolution 37, the semi-meridian [* of

which admits the representation,

M, z=f(P) (O£P¢ €)
£(0) = £(0) = 0,

(1)

and let r(P) be at least four times continuously differentiable.19 Since

20

£1(0) = 0, z possesses a wniquely defined tangent plane” at its vertex

r = O, The function f(f) has a Taylor expansion of the form,

£(p) = azoa + ‘3”3 + e (L2)
so that '
N P} sy=lem) = (43)
where k(’) is the curvature of [ and
k, = k(0), k! = [%]Pco. (Lk)

With a view toward examining the nature of the singularity at the load
point r = 0, we first determine the normal and shearing tractions ¢ and
7 (Pigure 1) induced by the Boussinesq solution [S ] on the arc r.

To this end we observe by means of the law of stress transformation and

elementary geometric considerations that along I",

19Note that the regularity restrictions on f imply the same degree
of smoothness for 7 only if the (right-hand) derivatives of odd order
of f(p) at p= 0 vanish, Otherwise, the even extension of f(p) ex-
hibits discontimuities in its derivatives of odd order at the origin.

{o'rhe subsequent analysis is not valid if r =0 is a conical point
of .



; + —x ocan(p-o-O)- 'rx'eainz(P-OO)

f-_-_T_ ein 2(B + 0) + 7 cos 2(p + 9)

inwhich f {s the inclination of the tangent of [". Evidently;

cos 2p= LML gt 2pe — iy

’ - [ ]

1+ (2) 14(2)
Recalling that

g.2 1/2
r=p [1 + (F) ] ’
we reach by means of (3), (L1), (L2), the expansions,

1 2
%=F(1 -Tf2-a28f3"' ese)
a3
p=a2P+a3’>2+(ah--}g)p3+...

o2
5=1--§gp2-azaf3+ cees
valid on ['. From (L6), (LB), and (2) follows

cos 2(p +0)=-1+ Za;o2 + 8a23393 + oo

sin 2(p +0) =~ 2a,p - hfz - 6(ah - ag)f)3 + ceee

(L5)

(L6)

(L7)

H(L8)

P(L9)

J

Substitution of (L9) and (LO) into (L5), after a lengthy routine compu=

tation, and final use of (L3), ylelds

[So:]:
Q1 - 29) K2
c(P) = L d + o(1) = 0(1)
(1 - 29k ,
7p) = 3%[——);,-——9 + (5L P)E- 20 -2, + o)

\

(50)

/

where o(1l) and 0(l), respectively, denote functions of p which tend

to zero or to a finite limit as P approaches zero.
If [s] designates the complete solution to the concentrated

problem under consideration, we may write,

force



[s]=[s,] + [®,)s (51)
in which [R] stands for the solution to a "residual problem®, the charac-
terization of which is implicit in (51). We shall suppose, without loss
in generality, that the boundary of the medium is free from distributed
tractions on ). Furthermore, we shall agree to call [Ro_'_l *regular®
on 7 if the residual problem on ), is governed by finite and con-
tinuous surface tractions. This requires for [Ro],

o(p) = 0(1), 7(p) = o(1). (522

Equations (50), (51) now permit the following conclusions. [ROJ is
regular on ; if and only if the curvature k and the rate of change
of curvature k' of the semi-meridian [  of 37 both vanish at the
load point. We note parenthetically that k; is zero automatically if
the even extension of l" has at least a continuous rate of change of

c:ux'vat'.ure.22

In the event that the even extension of f(P) is an analytic
function, so that X is an analytic surface, the surface tractions of
[ROJ are analytic on z if and only if k_ = 0. In this case, and in
this case only, the Boussinesq singularity constitutes the entire singu-
larity of [S] at the load point in questicn.

In order to effect a reduction of the problem to a residual problem
which is regular on 37 when k, and k; are not both szero, we need to
introduce supplementary singular solutions, in addition to [S o]' Moreover,

in accordance with conditions (c) and (d) stated in the Introduction, the

Zlovserve that 7(p) = O(1) 1is insufficlent since it adnits a dis-
continuity in the surtace shearing tractions of [Roj at the vertex of

228« footnote No. 19.
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supplementary singularities sought must be self-equilibrated and of a lower
order than 2, This leads us to soluticns Dnj defined by (35) and
listed explicitly for n=0, 1 in (36), (37).

The local behavior of [E ], [8,] on [V, in the vicinity of p =0,
1s established by a process which is strictly analogous to that followed
in the derivation of (50). We may, therefore, give the results of these
computations directly. . |

(=)
ﬂf) - -2k° +0o(1), 'r’(r) -% -(1-2 )’)ko + o(l)
e

op) = o(2), 7(p) = ~ 2 + o(2)

r (53)

 (SL)

o

It is spparent from (53), (SL) that 7 of E‘o] still becomes infinite
st p=0 whereas 7 of [}1] dieplays merely a finite discontinuity
at the origin; the normal tractions ¢ of both of these solutions are
again finite and continuous on 37, as in the case of [30]
We-now set
(4= [52] + [% (55)
(s )=[s]+ AJs ]+ Az,

and ask for the values of the coefficients A , Al which assure the
‘ regularity in the sense of (52) of the solution [32] to the new residual
problem. In view of (50), (53), (5L) this lesds to

A = 1 -29) qk

° L
A =i ku 12- 16992~ 202 2)’)k;]

(56)

17



supplementary singularities sought must be self-equilibrated and of a lower
order than 1”2, This leads us to solutions [B,] defined by (35) and
listed explicitly for n =0, 1 in (36), (37).

The local behavior of [Eo'], m on [V, in the vicinity of p =0,
1s established by a process which is strictly analogous to that followed
in the derivation of (50). We may, therefore, give the results of these
computations directly.

AL

(53)
Ap) = <2y 4 0Q), T = 2= (1= 290k, 4 o(1) |

,
[z

(L)
o(p) = o(1), 7(p)==24+ o(1) )

It 1is spparent from (S3), (SL) that 7 of [B.] still becomes infinite
st p=0 whereas 7 of t‘:,:' displays merely a finite discontinuity
at the origin; the normal tractions ¢ of both of these solutions are
again finite and continuous on 37, as in the case of [80]
We-now set
(1= (2] + %) (55)
(s, ]=[s,1+ A =]+ AlR],
and ask for the valuss of the coefficients A, )\1 which assure the
regularity in the sense of (52) of the solution [R.‘J to the new residual
problem. In view of (50), (53), (54) this leads to
Ao . Q- ;;) Qe
A = i Eu 12/ 1699~ 21 )k

(56)



With CSZJ determined as in (55), (56), the surface tractions of [52]
are finite and continuous on 3. Alternatively, [S] admits the repre-
sentation,

[s1=05,1+[%]

[s1=0s1+ A [l

where ) again has the value appearing in (56). The surface tractions

(57)

of [R,] are finite but exhibit a discontinuity in 7~ at the arigin.

It is important to emphasize that the surface tractions of Diz:] on
x, although finite and continuous, are by no means analytic even if Z
is analytic. This is due to the fact that the derivatives with respect
to p of ¢ and 7 in [E ], unlike the corresponding derivatives be-
longing to [Sol [Eo]’ possess a logarithmic singular:lty23 at p=0.
Consequently, the singularity of [82], regardless of the analyticity
of ], does not represent the emtire singularity inherent in [s] at
the load point.

The sequence of singular solutions [S_J, [8;], [8,] thus gives rise
to a sequence of solutions [RO], [81], [B.z] to the complementary residual
problems, which are characterized by progressively increasing regularity
in the corresponding boundary conditions. The process of successive
npegularization® of the residual problem can be continued in an obvious
manner by recourse to the remaining members of the sequence of self-
equilibrated singular solutions [EnJ defined in (35).

If 37 is a portion of a sphere of radius r_, lying in the half-
=1

space 3 » 0, then ko =r,

to those given in [1] in connection with the particular problem of the

’ k; = 0, and the results obtained here reduce

23rme functions designated by o(1) in (5L) contain a term,
glp) =pInr(l + P). .



sphere under concentrated loads., Whereas the general questions raised in
the Introduction have been answered within the limitations placed on the
relative orientation of the load and on the local character of the boundary,
it should be pointed out that certain difficulties in the large may arise
in the application of the results to specific concentrated force problems.
Thus, the representations (S51), (55), (57) lead to serious complication;
if the line of action of a concentrated load intersects the boundary of

the medium on opposite sides of the tangent plane at the point of appli-
cation of the load. Here [S ], [8,], [S,]> each of which is singular
along the negative z-axis, give rise to line singularities in the interior
of the body.ah Finally, if the region occupied by the medium is not bounded,
the representation (55) becomes inadmissible in view of the behavior of

[E,] at infinity.
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